We present a recursion operator and an infinite hierarchy of commuting nonlocal symmetries for the modified Martínez Alonso-Shabat equation uyuxz + αuxuty − (uz + αut)uxy = 0.
Introduction
Integrable systems are well known to have an important role in modern mathematical physics, see e.g. [14, 23] and references therein. An important feature of integrable partial differential systems is that any such system belongs to an infinite hierarchy of pairwise compatible systems that can be seen as symmetries of each other, cf. e.g. [8, 22] . The presence of such an infinite hierarchy of symmetries is, on the one hand, an important sign of integrability and, on the other hand, a useful structure attached to a given integrable system, as such a hierarchy provides, to an extent, the structure behind infinite families of explicit exact solutions like multisolitons, cf. e.g. the discussion in [8] and references therein.
For integrable partial differential systems in more than two independent variables the symmetries in question are typically nonlocal, see e.g. [8, 14, 22] and references therein, which makes the task of finding their commutation relations quite difficult, cf. e.g. [14] . There is a technique [19] (cf. also [21] ) allowing one to find an infinite hierarchy of nonlocal symmetries and establish its commutativity using a Lax pair of the system under study for a fairly broad class of integrable multidimensional systems with isospectral Lax pairs involving an essential parameter. Given the importance of such hierarchies, as discussed above, it is natural to study more examples using this technique, and in the present paper we do that for the modified Martínez Alonso-Shabat equation in four independent variables (4D) and present an infinite hierarchy of commuting nonlocal symmetries for this equation along with a recursion operator for the latter.
Modified Martínez Alonso-Shabat equation
In [19] the authors found the modified Martínez Alonso-Shabat equation
involving α ∈ R, α = 0, as a parameter. This equation came up in [19] in the course of the study of another four-
introduced by Martínez Alonso and Shabat [16] . Namely, Morozov [18] found a covering of (2) defined by system
with a non-removable parameter λ = 0, and a recursion operator. Eliminating v from the Lax pair (3) for (2) yields a four-dimensional PDE (1). Equation (1) can be seen as a 4D generalization of the 3D equation
into which (1) goes if one identifies z and t.
On the other hand, the ABC equation, also known as the Veronese web equation,
which describes three-dimensional Veronese webs and is a subject of quite intense research, see e.g. [5, 6, 11, 12, 15, 25] and references therein, is nothing but (4) up to a possible relabeling of independent variables and multiplication by an overall constant.
In [19] it was established that (1) is integrable as it has a Lax pair involving the spectral parameter ζ = α
where ζ is the spectral parameter; see e.g. [14, 22, 23] and references therein for integrable 4D systems in general and their Lax pairs. To simplify further computations, in what follows we shall work with equation (1) in the form solved for u ty :
3 Point symmetries
Let D x etc. denote the total derivatives restricted to the diffiety E associated with (6), cf. e.g. [13, 14] for details. Then the characteristics ϕ of local symmetries of (6) should satisfy the equation
on E, which is nothing but the linearized version of (6), cf. e.g. [14] .
In particular, we readily find that the local symmetries of (6) equivalent to the Lie point ones are spanned by those with the following characteristics
where F, G, H are arbitrary functions of two variables. The commutators of symmetries associated to ϕ 1 , . . . , ϕ 6 are given by the following table
The recursion operator
Following the procedure described in [24] (cf. also [22] ) and using the Lax pair (5) of (6) involving the spectral parameter ζ = α we readily obtain the following Proposition 1. Equation (6) admits a recursion operator R defined by the following relations:
The above means, cf. e.g. [14, 20, 22] and references therein, that (7) when applied to any nonlocal symmetry shadow ϕ for (6) produces another nonlocal shadow ψ defined by (7) and denoted by R(ϕ), for the same equation (6) .
In other words, the above R defines a Bäcklund auto-transformation for the linearized version ℓ E (ϕ) = 0 of (6), see [10, 17] , as well as e.g. [14, 22] and references therein, for details on this approach to recursion operators.
Nonlocal symmetries
Substituting ϕ = λq and ψ = q into (7) we obtain a covering for (6) involving a parameter λ ∈ R:
Denote by Q λ the above covering of (6) corresponding to the given value of parameter λ and its nonlocal variable q as q λ . It is readily checked that while q λ is a nonlocal symmetry shadow in Q λ , it cannot be lifted to a full-fledged nonlocal symmetry in this covering.
To circumvent this difficulty, consider a formal expansion q λ = ∞ i=0 q i λ i . t) is an arbitrary function, while the remaining q i are defined by the equations
Substituting this expansion into (8) shows that
Thus we arrive at the covering Q ∞ = {q i , i ∈ N} over (6).
Theorem 1. Infinite prolongations of the vector fields
form an infinite hierarchy of commuting nonlocal symmetries for (6) in the covering Q ∞ . Here
and
Before proceeding to the proof note that by the very construction we have q i+1 = R(q i ), so the commutativity of infinite prolongations of Q i suggests that the operator R could be hereditary, at least when restricted to the span of shadows q i , i = 1, 2, . . . , which could provide some additional insight into how the hereditary property works in the multidimensions. Proof. It is immediate that q i is a nonlocal symmetry shadow for (6) and it can be shown that this shadow can be lifted to the covering Q λ to yield a nonlocal symmetry for (6) of the form
where
It is readily checked that the infinite prolongations of Q 
that is,
In spirit of [19] (cf. also [21] ), substitute the formal expansion q λ = ∞ i=0 q i λ i into (12) which gives us the following formulas
where the coefficients B j i are given by (10) and can be obtained by the direct computation. Now (13) implies that the flows
commute:
and hence so do the infinite prolongations of Q i . In closing note that finding explicit form of the generators and providing rigorous proofs of commutation relations for infinite-dimensional algebras of nonlocal symmetries for multidimensional integrable PDEs, rather than mere finding of the shadows of nonlocal symmetries, appears to be quite rare, especially in the case of four independent variables (4D). There are only a few earlier examples known to the present author where this was achieved in 4D, namely, the commutative hierarchies of nonlocal symmetries for the self-dual Yang-Mills equations [1] and for the Martínez Alonso-Shabat equation [19] . Interestingly, the situation appears to be quite different in 3D, where infinite-dimensional noncommutative algebras of nonlocal symmetries for a number of dispersionless integrable systems were found by direct computations, see e.g. [2, 3, 7, 9, 11] , and references therein.
